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Recently, it was pointed out that all chiral crystals with spin-orbit coupling (SOC) are Kramers
Weyl semimetals (KWSs) which possess Weyl points pinned at time-reversal invariant momenta. In
this work, we show that all achiral non-centrosymmetric materials with SOC belong to a new class
of topological materials, which we term Kramers nodal line metals (KNLMs). In KNLMs, there
are doubly degenerate lines, which we call Kramers nodal lines (KNLs), connecting time-reversal
invariant momenta. The KNLs create Dirac type band touching points at SOC split Fermi surfaces.
Due to the touching points, the KNLs create two types of Fermi surfaces, namely, the spindle torus
type and the octdong type. The octdong type Fermi surfaces are particularly interesting. They
are formed by the touching of an electron pocket and a hole pocket on the KNLs, and all the
states on the Fermi surface are described by two-dimensional massless Dirac Hamiltonians. Due
to the Dirac fermions, materials with octdong Fermi surfaces support linear optical conductance in
the bulk and quantized optical conductance in thin films. We further show that KNLMs can be
regarded as parent states of KWSs. As an example, we demonstrate how a single Kramers Weyl
point can be created near the Fermi energy by straining achiral BiTeI. Therefore, we conclude that
all non-centrosymmetric metals with SOC are topological, as they are either KWSs or KNLMs.
I. INTRODUCTION
The discovery of topological insulators [1–7] which pos-
sess bulk insulating gap and massless Dirac surface states
have inspired intense theoretical and experimental stud-
ies in the symmetry and topological properties of elec-
tronic band structures. In recent years, a large num-
ber of topological insulators and topological semimetals,
such as topological crystalline insulators [8], higher-order
topological insulators [9–13], Dirac semimetals [14–24],
Weyl semimetals [25–37], nodal line [38–42] and nodal
chain [43] topological semimetals, have been discovered.
Moreover, systematic ways to diagnose non-trivial band
topology based on topological quantum chemistry and
symmetry-based indicators have been developed and a
large number of topological materials have been found
[44–46].
Recently, the discovery of Kramers Weyl semimetals
(KWSs) has significantly expanded the family of topolog-
ical materials [47–52]. It has been stated that in all chi-
ral crystals (crystals which lack mirror or roto-inversion
symmetries) with spin-orbit coupling (SOC), each time-
reversal invariant momentum (TRIM) is a Weyl point
called Kramers Weyl point [53–57]. Around a Kramers
Weyl point, the degeneracy near the TRIM is split along
all directions in momentum space by SOC [58]. Con-
sequently, the Fermi surfaces enclosing Kramers Weyl
points are split by SOC, and each Fermi surface possesses
nontrivial and opposite Chern numbers, as depicted in
Fig. 1a [53]. These KWSs exhibit several novel prop-
erties, such as the monopole-like spin texture [53, 59],
∗These authors contributed equally to this work
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longitudinal magnetoelectric responses [60, 61] and the
quantized circular photogalvanic effect [53, 56, 62–65].
In this work, we point out that all non-
centrosymmetric achiral crystals (crystals which
possess mirror or roto-inversion symmetries ) with SOC
belong to a new kind of topological materials which we
call Kramers nodal line metals (KNLMs). In KNLMs,
there are doubly degenerate lines joining TRIMs across
the Brillouin zone protected by time-reversal and achiral
little group symmetries. We call these doubly degenerate
lines Kramers nodal lines (KNLs). These KNLs can
be viewed as Dirac solenoids [66] which carry Berry
curvature flux but do not have classical analogues due
to time-reversal symmetry. In Table I, we list all the
symmorphic space groups (SGs) supporting KNLs, and
certain material realizations are identified.
Importantly, as long as the Fermi surfaces enclose
TRIMs, the KNLs force spin-split Fermi surfaces to touch
on the KNLs and create two types of Fermi surfaces,
namely, the spindle torus type and the octdong (or hour-
glass) type as shown in Fig. 1b and Fig. 1d, respectively.
The band touching points of the Fermi surfaces are de-
scribed by massless Dirac or higher-order Dirac Hamil-
tonians [20, 54, 67, 68] with the Dirac points pinned at
the Fermi energy. In the case of octdong type Fermi sur-
faces, all the states on the Fermi surfaces are described
as two-dimensional massless Dirac fermions. Materials
with octdong type Fermi surfaces exhibit linear optical
conductivity in the bulk and, in the thin film limit, quan-
tized optical conductivity similar to monolayer graphene
due to the massless Dirac fermions [69, 70].
Furthermore, KNLMs can be regarded as the parent
states of KWSs. When the mirror or roto-inversion sym-
metries are broken, the degeneracies of the KNLs are
lifted, and the touching points of the Fermi surfaces will
generally be gapped out. In the case of spindle Fermi
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FIG. 1: Schematic plot of Fermi surfaces of KWSs and
KNLMs. a The Fermi surfaces of a KWS where two Fermi
surfaces enclose one TRIM. b Spindle Fermi surfaces in a
KNLM induced by a KNL (the dashed black line). c The
Fermi surfaces of a KWS where each surface encloses a dif-
ferent TRIM. d Octdong Fermi surfaces in KNLMs induced
by a KNL. The gray dots in a to d indicate the position of
TRIMs Γ1, Γ2. The touching points of the Fermi surfaces are
circled by red dashed lines.
surfaces, the two spin-split Fermi surfaces are separated
(Fig. 1a) and carry a net Chern number on each Fermi
surface, as shown in Fig. 1a. In the case of octdong Fermi
surfaces, the two Fermi pockets detach from each other
(Fig. 1c), and Kramers Weyl points are generated in both
pockets. For illustration, we demonstrate how an isolated
Kramers Weyl point near the Fermi energy can be cre-
ated by breaking the mirror symmetry through strain in
BiTeI with a spindle Fermi surface and how this Kramers
Weyl point can be detected through the quantized circu-
lar photogalvanic effect [62].
From this work, together with the discovery of KWSs,
we conclude that all non-centrosymmetric crystals with
SOC are topological in nature. They are either KWSs or
KNLMs.
II. RESULTS
A. Emergence of Kramers nodal lines from
TRIMs with achiral little group symmetry
In this section, we demonstrate how nodal lines emerge
out of a TRIM with achiral little group symmetry (which
contains mirror or roto-inversion). According to Kramers
theorem, each band of spin-1/2 electrons is doubly de-
generate at a TRIM k0, where k0 = −k0 + G, and G
denotes a reciprocal vector. In general, the energy bands
near the TRIM with two-fold Kramers degeneracy can
be described by a two-band Hamiltonian
H(k) = f0(k) + f(k) · σ, (1)
where k is measured from the TRIM k0, σ are Pauli
matrices operating on the spin space, f(k) · σ denotes
the SOC and the eigenvalues of H(k) can be written as
E±(k) = f0(k)± |f(k)|.
As H(k) respects the time-reversal T = iσyK and the
point group symmetry G, with K the complex conjugate
operation, f(k) satisfies the symmetry constraints
f(k) = −f(−k),f(k) = Det(R)R−1f(Rk), (2)
where R ∈ G.
For illustration, we analyze the case where f(k) is
linear in k, i.e., f(k) = Mˆk, where Mˆ is a ma-
trix. A more general proof is provided in the Supple-
mentary Material [71]. According to Eq. 2, Mˆ satis-
fies Mˆ = Det(R)R−1MˆR. Denoting nj and j as the
eigenstates and the eigenvalues of matrices Mˆ satisfying
Mˆnj = jnj , and decomposing the momentum k with
the new basis as k =
∑
j pjnj , one finds
f(k) =
∑
j
pjjnj . (3)
In general, for a TRIM with a chiral little groups,
Det(Mˆ) 6= 0, namely j are all finite. In this case,
|f(k)| > 0 as long as k is not at the TRIM, which re-
sults in a fully split Fermi surface as shown in Fig. 1a and
makes the TRIM a Kramers Weyl point as pointed out in
Ref. [53]. In contrast, for a TRIM with an achiral little
group, there exists at least one mirror or roto-inversion
operation R˜ with Det(R˜) = −1 such that Det(Mˆ) = 0,
implying that at least one of j is zero. Without loss of
generality, taking 3 = 0, one obtains
f(k) = p11n1 + p22n2. (4)
f(k) vanishes when the momentum k is fixed to be along
the direction of null vector n3 where p1 = p2 = 0 and
k = p3n3. In this case, E+(k) and E−(k) are degenerate
along the n3-direction. The line k = p3n3 is an example
of a degenerate line coming out of TRIMs. The degener-
acy is protected by time-reversal symmetry and the achi-
ral point group symmetry. We called these lines, KNLs.
It is important to note that KNLs create touching points
on the Fermi surfaces at any Fermi energy as long as
the Fermi surfaces enclose TRIMs, as depicted schemati-
cally in Fig. 1. Interestingly, these touching points, which
are always pinned at the Fermi energy, are Dirac points
or higher order Dirac points [20, 54, 67, 68] with non-
trivial topological properties [71]. The general form of
the k · p Hamiltonians of all non-centrosymmetric achi-
ral point groups and the directions of KNLs emerging
3TABLE I: Kramers nodal line metals (KNLMs) with symmorphic space groups *
Type SG No. Point Group KNLs KW Points Material
Type I
6,Pm C1v (Γ,B,Y,A,Z,C,D,E)
1 – CsIO3
8,Cm C1v (Γ,Y,A,M) – BiPd2Pb
25,Pmm2 C2v Γ–Z, Y–T, X–U, S–R – CdTe, Bi4Te2Br2O9
38,Amm2 C2v Γ–Y, T–Z – NbS2
42, Fmm2 C2v Γ–Z, Y–T – –
99, P4mm C4v Γ–Z, X–R, A–M – PbCsCl3
107, I4mm C4v Γ–M ,X–X, (N) – In2Te3
115, P 4¯m2 D2d Γ–Z, M–A, X–R – PbF2O
156, P3m1 C3v Γ–A, (M,L) – BiTeI
157, P31m C3v Γ–A, (M,L) – Bi2Pt
160, R3m C3v Γ–T, (L,FA) – Bi2Te3
174, P6 C3h Γ–A, (M,L) – –
183, P6mm C6v Γ–A, M–L – AuCN
187, P 6¯m2 D3h Γ–M, A–L, Γ–A – GeI2, TaN
189, P 6¯2m D3h Γ–K–M, A–H–L, Γ–A – Sn5(BIr3)2
215, P 4¯3m Td Γ–X, Γ–R, R–M – Cu3TaTe4
216, F 4¯3m Td Γ–L, Γ–X – HgSe, HgTe
217, I 4¯3m Td Γ–H – TaTl3Se4
Type II
35,Cmm2 C2v Γ–Z, Y–T S, R MnCs2V2Br2O6
44, Imm2 C2v Γ–X, (S,R) T AgNO2
81, P 4¯ S4 Γ–Z, M–A X, R GeSe2
82, I 4¯ S4 Γ–M N, X CdGa2Te4, Cr2AgBiO8
111, P 4¯2m D2d Γ–Z, M–A X, R Ag2HgI4
119, I 4¯m2 D2d Γ–M, (N) X TlAgTe2
121, I 4¯2m D2d Γ–M, X–X N Cu3SbS4
* Here we enumerate symmetry allowed KNLs in symmorphic space groups. The definitions of TRIMs follow the conventions
given in Bilbao Crystallographic Server [73]. Some of the representative materials hosting KNLs are identified with the assistance
of the Materials Project [74] and the Topological Material Database [46].
1 The TRIMs in the parentheses are connected by the KNLs which are not along the high symmetry lines, such as (Γ,A), (Y,M)
in SG No. 8 and (M,L) in SG No. 156.
out of the TRIM are summarized in the Supplemental
Material[71]. Beyond the k · p analysis, we showed in
[71] that for a general f(k), the KNLs are guaranteed to
lie within the mirror planes or along the roto-inversion
axis of S3, S4 symmetry. It will be further shown that
a KNL emerging from one TRIM has to connect with
another TRIM with an achiral little group [71].
B. Kramers nodal lines in achiral crystals
In the previous section, we demonstrated how KNLs
emerge out of TRIMs. In this section, we study how
KNLs connect different TRIMs in non-centrosymmetric
achiral crystals. While most KNLs connect TRIMs
along high symmetry lines, some KNLs connect TRIMs
through general points in the mirror plane (such as for
TRIMs with C1v little groups).
To identify the KNLs joining TRIMs along high sym-
metry lines, we make use of the compatibility relations
of double-valued space groups [72, 73], which are defined
by
χ(D
(Γ1)
G1
(R)) =
∑
j
χ(D
(Γj)
G2
(R)), (5)
where χ is the character of a symmetry operation R in a
specific representation, G1 and G2 are the little groups
of the TRIM and a high symmetry line respectively and
D
(Γj)
Gi
(R) is the jth irreducible representation of the sym-
metry operation R ∈ Gi. For example, for the well-
studied 3D Rashba material BiTeI (SG No. 156), the
little groups of the TRIM Γ, A and the high symme-
try line ∆ connecting these two TRIMs are all C3v. By
identifying the irreducible representations of the relevant
symmetry operations m010 and C3 at Γ, A and ∆ (see
Supplementary Material [71] for details), we show that
the two-dimensional double-valued irreducible represen-
tations Γ6–∆6–A6 are compatible. This explains all the
KNLs Γ–A observed in the realistic band structure of
BiTeI shown in Fig. 2c (labeled with blue color). This
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FIG. 2: Representative materials with KNLs. a to j The crystal structure, the first Brillouin zone, and KNLs of BiTeI (SG
No. 156), Cr2AgBiO8 (SG No. 82) and BiPd2Pb (SG No. 8). c and g are the band structures of BiTeI and Cr2AgBiO8,
respectively, where the KNLs are highlighted as blue lines, and the crossing points within the red circles of f are KW points.
These KNLs are also marked out by solid blue lines in the 3D first Brillouin zone. d and j show the DFT-calculated energy
difference of two selected SOC-split bands |E1(k)−E2(k)| (in units of eV) on a mirror-invariant k plane for BiTeI and BiPd2Pb,
respectively. The dark green lines that connect two TRIMs (dashed circles) are KNLs on this mirror plane.
result is also consistent with the k · p Hamiltonian anal-
ysis that a KNL emerges out of the Γ point along the
z-direction [71].
Based on the compatibility relations, we identified
all the KNLs which are along the high symmetry lines
in non-centrosymmetric crystals with symmorphic space
groups. The results are summarized in Table I. We found
non-centrosymmetric achiral crystals with point groups
C2v, S4, C4v, D2d, C3v, C3h, C6v, D3h, Td support KNLs
along high symmetry directions. These lines are con-
tained within the mirror plane or along the roto-inversion
axis. Some representative materials with KNLs are listed
in Table. I. For example, for space group 216, there are
KNLs along the high symmetry lines between Γ and L
points as well as between Γ and X points. These KNLs
are labeled as Γ–L and Γ–X, respectively, in Table I. Ma-
terials with this property include semimetals HgTe and
HgSe. For further illustration, the band structures of
BiTeI (SG No. 156) and Cr2AgBiO8 (SG No. 82) are
shown in Fig. 2. Evidently, there are KNLs (labeled with
blue color) along the high symmetry lines.
Although most KNLs reside on high symmetry lines,
there are exceptions if the little group of the TRIM is
C1v. As shown in the previous section, C1v is achiral so
that there must be KNLs emerging from TRIMs. For ex-
ample, the little groups of TRIMs M and L in BiTeI are
the achiral C1v, yet there are no KNLs along high sym-
metry lines coming out from M or L, as shown in Table I.
However, by carefully checking the energy bands on the
whole mirror plane, as shown in Fig. 2d (and schemat-
ically shown in Fig. 2b), we indeed found a KNL that
connects M, L within the mirror plane which is denoted
as (M,L) in Table I. Therefore, all TRIMs in BiTeI are
connected by KNLs as expected.
On the other hand, there exist TRIMs with chiral little
group symmetry, such as the X and N points in achiral
KNLM Cr2AgBiO8. Therefore, the X and N points in
Cr2AgBiO8 are Kramers Weyl points, as highlighted in
Fig. 2g. In principle, Fermi arcs originating from these
Kramers Weyl points will emerge on proper surfaces of
Cr2AgBiO8, as demonstrated in the Supplementary Ma-
terial [71]. As summerized in Table I, among the 25 non-
centrosymmetric achiral symmorphic space groups, 18 of
them are classified as Type I achiral crystals in which
all the TRIMs are connected by KNLs. In contrast, the
remaining seven space groups further support Kramers
Weyl points, and they are classified as Type II achiral
crystals.
One interesting example of KNLs can be found in
BiPd2Pb (SG No.8, C1v), which exhibits large SOC-
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FIG. 3: Spindle torus and octdong Fermi surfaces (FSs). a The Fermi surface of BiTeI with Fermi energy EF = 0.2 eV,
which cuts through the KNL Γ–A. The inner (orange) and outer (purple) Fermi surfaces together form a spindle torus. The
energy dispersion at a fixed kz indicated by the dashed line is shown in b. b The Rashba-like energy dispersion for a fixed
kz. c The Fermi surfaces of Bi4Te2Br2O9 (SG No. 25) with Fermi energy EF = 0.05 eV, which cuts through the KNL Γ–Z.
The labeled hole and the electron Fermi surfaces together form an octdong type Fermi surface. d The Fermi surface from the
two-band tight-binding model H0(k) with mx = 0.05t,my = 0.05t,mz = 0.5t, vx = t, vy = t, EF = 0 and t = 1 as the unit of
the hybridization energy. The positions of TRIMs depicted are all connected by four KNLs in the kz-direction. e The energy
dispersion for a fixed kz = 0 (purple) and kz = pi (red) in d. f Schematic plot of optical excitations that contribute to the
optical conductivity for the hole-type (electron-type) Dirac fermions with onset frequency ω1 (ω2). The horizontal dashed line
denotes the position of Fermi energy. g The optical conductivity σR (left axis) and estimated optical conductivity NDσ0/4
(right axis) versus frequency ω for a three-layer slab, where the number of Dirac points ND =
1
2
∑
Γ,n θ(~ω − |2EΓ,n|) with θ
as the Heaviside step function, n as band index and Γ labeling four TRIMs. The inset figure in g shows the band structure of
this trilayer slab. h The bulk optical conductivity for octdong Fermi surfaces at EF = 0, 0.2t with η = 0.002t and temperature
T = 0.01t. Here l−1 = 2pi
a˜
cm−1 with a˜ = a/A˚ and a as the lattice constant. i The bulk optical conductivity for Bi4Te2Br2O9
with η = 1 meV and temperature T = 10K. The slight deviation from linear dependence (red dashed line) for Bi4Te2Br2O9 is
due to the presence of the extra trivial pockets (blue pockets in c).
induced band splitting ∼100meV (see [71] for the band
structure). The lattice structure and the Brillouin zone
is shown in Fig. 2h and Fig. 2i, respectively. In Fig. 2j,
we select two bands which are degenerate on the TRIMs
and plot the energy difference with respect to momen-
tum k in the mirror plane (see the detail band struc-
ture in [71]). Remarkably, there are two KNLs, (Γ–A)
and (Y–M), lying on this mirror plane as expected. The
schematic plot of the KNLs on the mirror plane is de-
picted in Fig. 2i. While KNLs along high symmetry lines
can easily be found in standard band structure calcula-
tions, this kind of irregular KNLs coming out of TRIM
with C1v little groups can easily be missed.
C. Spindle torus type and octdong type Fermi
surfaces
In this section, we point out an important physical
consequence of the KNLs, namely, KNLs force SOC split
Fermi surfaces to touch. Interestingly, there are two
kinds of Fermi surface touchings which can satisfy the
doubly degenerate requirement of KNLs. The first type
is the spindle torus Fermi surface formed by the touching
of two electron Fermi surfaces, as illustrated schemati-
cally in Fig. 1b, in which the KNL forces the two SOC
split Fermi surface to touch. The spindle torus Fermi sur-
faces are rather common in achiral crystals with strong
SOC. It is well-known that BiTeI possesses this kind of
Fermi surfaces [75], and we explain here that the origin of
the Fermi surface touching is indeed enforced by the Γ–A
KNL, as illustrated in Fig. 3a. To understand the prop-
erties of the electrons on spindle Fermi surfaces, we use
BiTeI as an example and note that with a fixed kz, the
electrons on the Fermi surfaces are described by a two-
dimensional Rashba Hamiltonian as illustrated in Fig. 3b
[76, 77]. In this work, we point out that almost all non-
centrosymmetric achiral crystals with strong SOC have
similar properties even though the Fermi surfaces can be
more complicated. In the case of hole-doped HgTe and
HeSe, for example, three KNLs come out of the Γ point
and result in six Fermi surface touching points, as illus-
trated in the Supplemental Materials [71].
The second type of Fermi surface touchings which sat-
6isfies the degeneracy requirement on the KNLs is the oct-
dong type Fermi surface. In this case, one electron Fermi
surface and one hole Fermi surface touch along the KNL,
as illustrated in Fig.1b schematically and in Fig. 3c using
the realistic band structures of Bi4Te2Br2O9 (SG No. 25,
C2v). In Bi4Te2Br2O9, there is an octdong Fermi surface
near the Γ point, and the KNL is along the Γ–Z direction.
It is important to note that this Fermi surface touching
is not accidental but forced by the KNL. As the chemical
potential changes, the relative size of the electron and
hole pockets changes and the band touching point moves
along the KNL. Importantly, for a fixed kz along the
nodal line direction, the electrons on the octdong Fermi
surface are described by two-dimensional massless Dirac
fermions on the whole Fermi surface.
The octdong Fermi surface as well as the trivial Fermi
sheet of Bi4Te2Br2O9 in Fig. 3c can be captured by a sim-
ple tight-binding Hamiltonian, which satisfies the space
group symmetry SG No. 25 Pmm2. The effective Hamil-
tonian can be written as
H0(k) =
∑
j
mj cos(kj) + vx sin kxσx + vy sin kyσy, (6)
where j = x, y, z, σ are Pauli spin matrices. As illus-
trated in Fig. 3d, it is interesting to note that symmetry
allows the crystal to possess pure octdong Fermi surfaces
when SOC is further enhanced. Unfortunately, we have
yet to identify realistic materials with pure octdong Fermi
surfaces.
To understand the novel properties of octdong Fermi
surfaces, we first study the optical properties of a system
with octdong Fermi surfaces only as depicted in Fig. 3d.
The cases with additional trivial Fermi surfaces will be
discussed later. We note that in the case of Fig. 3d, all
the electrons on the Fermi surfaces are described by two-
dimensional massless Dirac fermions with Dirac points
located on the KNLs. The massless Dirac energy disper-
sions at kz = 0 and kz = pi are depicted in Fig. 3e. It is
clear from Fig. 3e that the energy bands cross at Γ and Y
points which are Dirac points. Dirac points correspond-
ing to general kz lie along the dashed lines in Fig. 3e
between the two Dirac points highlighted by circles. In
other words, all the states of the octdong Fermi sur-
face can be described by two-dimensional massless Dirac
Hamiltonians, and the energy of the Dirac points is de-
termined by kz. We expect the large number of Dirac
electrons on octdong surfaces possess novel physical prop-
erties.
To illustrate this, we calculate the optical conductivity
σR(ω) ≡ Re(σxx(ω)) for a thin film of material with oct-
dong Fermi surfaces using a tight-binding version of the
effective Hamiltonian (Eq. 6). The energy spectrum of
such a trilayer thin film is shown in the insert of Fig. 3g
which can be effectively described by multiple massless
Dirac Hamiltonians. Applying the Kubo formula, the
optical conductivity can be written as
σR(ω) =
e2
~V
∑
k
∑
i 6=j
f(i(k))− f(j(k))
i(k)− j(k) ·
| 〈i,k|vˆx|j,k〉 |2Im( 1~ω + iη + i(k)− j(k) ), (7)
where ω is the frequency of the incident light, V is the
volume (area) for a bulk (thin flim) sample, i, j are the
band indices, f is the Fermi-Dirac distribution function,
η originating from the effect of carrier damping is as-
sumed to be a constant, and vˆx = ∂H0/∂kx is the veloc-
ity operator. As shown in Fig. 3g, remarkably, the optical
conductivity is quantized and shows plateau structures.
The quantization is similar to monolayer graphene which
exhibits quantized optical conductivity of σ0 = pie
2/2h
in the frequency range ω > 2|µ|, with µ being the chemi-
cal potential measured from the Dirac point [70, 78, 79].
To understand the plateau structure, we note that dif-
ferent Dirac points of the thin film have different activa-
tion frequencies at which light can excite occupied states
into empty states, as depicted in Fig. 3f. As the optical
frequency increases, more and more optically activated
Dirac points contribute to quantized optical conductiv-
ity and result in the plateau structure. By counting the
number of Dirac points ND within half of the optical fre-
quency ω, we obtain the quantized plateaus (blue dashed
line in Fig. 3g) that is consistent with the one calculated
with the Kubo formula (Eq. 7). This clearly demon-
strates the novel properties of materials with octdong
Fermi surfaces. The deviation from the quantization val-
ues at higher frequencies is due to the deviation from
the Dirac energy spectrum at energy far from the Dirac
points.
In the bulk limit, the optical conductivity with oct-
dong Fermi surfaces is linearly proportional to the opti-
cal frequency due to the large number of massless Dirac
fermions, as denoted by the linear line in Fig. 3h. Impor-
tantly, the onset frequency for this linear line is pinned
at zero regardless of chemical potential (Fig. 3h). The
underlying reason is that those touching points on the
octdong Fermi surfaces always manifest as massless Dirac
points right at Fermi energy. This is substantially differ-
ent from the linear optical conductivity shown in Weyl
[80, 81], Dirac semimetals [82–84] and multi-fermions [85]
where the onset frequency depends on how far the chem-
ical potential is away from the Weyl or Dirac points.
Moreover, as shown in Fig. 3i, in the case of the coex-
istence of an octdong Fermi surface and trivial Fermi
surfaces in Bi2Te2Br2O9, the optical conductivity, which
is calculated from realistic tight-binding models con-
structed with Wannier orbitals from DFT calculations
[71], also shows such linear increase, although it is limited
to a relatively smaller frequency range. When the opti-
cal frequency is high, transitions appear between states
which are far from the Dirac points, and the linear behav-
ior of the optical conductivity is lost. To experimentally
demonstrate this linear optical conductivity in KNLMs,
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the incident direction of light should be parallel to the
KNLs, and the Drude response that gives a peak near
zero frequency needs to be subtracted [86].
D. KNLMs as the parent states of Kramers Weyl
materials
In this section, we point out that KNLMs are parent
states of KWSs and one can obtain KWSs from KNLMs
through lattice symmetry breaking. To understand the
relation between KNLMs and KWSs, we note that the
KNLs are doubly degenerate lines connecting TRIMs.
A plane in the Brillouin zone perpendicular to a KNL
can be described by a 2D massless Dirac Hamiltonian
with Berry curvature concentrated at the Dirac point.
When a Bloch electron moves around a KNL adiabat-
ically, it acquires a quantized Berry phase of mpi [71],
and one can regard a KNL as a Dirac solenoid carrying
Berry curvature flux of mpi, as illustrated in Fig. 4a. It
is important to note that the Berry curvature on the
opposite sides of a TRIM should have opposite signs
because of time-reversal symmetry such that the Dirac
solenoids [66] manifested by KNLs do not have classi-
cal analogues. When the crystal (such as the mirror or
the roto-inversion) symmetries of a crystal are broken,
the degeneracy of the KNLs is lifted, and it is possi-
ble to define a nondegenerate Fermi surface enclosing a
TRIM. As depicted in Fig. 4b, the Berry flux coming
out of a TRIM is quantized at 2mpi. Therefore, the non-
degenerate Fermi surface enclosing a TRIM has a finite
Chern number and the TRIM becomes a Kramers Weyl
point.
For illustration, we apply strain on BiTeI to break all
the mirror symmetries of the crystal. The compressive
strain is achieved by reducing the lattice constant a1 of
the crystal as shown in Fig. 2a. The evolution for the
band structures along Γ–A under 1%, 3% and 5% strain
strengths is summarized in Fig. 4c, 4d and 4e, respec-
tively. (Note that the KNL Γ–A in the case without
strain is shown in Fig. 2c.) Impressively, we found the
KNL Γ–A in BiTeI can be split sizably (∼ order of tens
of meV) by less than 3% strain, and the Γ and A points
become Kramers Weyl points with opposite chirality. As
A is the only Weyl point which is close to the Fermi en-
ergy while other Weyl points are at least 200 meV above,
a single Weyl point near the Fermi energy is generated.
This is in sharp contrast to the Kramers Weyl points
discovered in Ref. [53], which are usually far away from
the Fermi energy. Therefore, straining achiral crystals
provides a new way to create Kramers Weyl semimetals.
In Fig. 4f, we demonstrate how the chiral charge C of
this strain-induced Kramer Weyl point can be measured
by the circular photogalvanic effect [62]. It is clear that
when a Kramers Weyl point is created, the system shows
the quantized circular photogalvanic effect. The details
are given in the Supplementary Material [71].
E. Discussion
In this work, we point out that all non-
centrosymmetric achiral crystals possess KNLs which
connect TRIMs across the whole Brillouin zone. It is
important to note that the KNLs are very different from
nodal lines which are generated by band inversions which
can only be accessed in a very small range of energy
window [38–41]. As illustrated in the band structure
calculation of Fig. 2d and 2j, KNLs appear in all the
bands connecting some TRIMs. These KNLs create the
spindle torus type and the octdong type Fermi surfaces
as long as the Fermi surfaces enclose TRIMs at arbitrary
Fermi energy. As listed in Table I, a large number of
existing materials are indeed KNLMs.
Here, we briefly discuss some other possible physical
consequences of KNLMs when the KNLs are gapped out.
One way to gap out the KNLs is by shining a circularly
polarized light on the material and this will result in a
light-induced anomalous Hall effect, similar to the case
of graphene [87]. However, due to the large number of
8massless Dirac fermions in the material, we expect the
effect is larger than that in graphene. Another possibility
is to gap out the KNL through a Zeeman field, which can
give rise to a field-induced anomalous Hall effect.
So far, we have only discussed KNLs in symmorphic
crystals in details. Indeed, KNLs also appear in all crys-
tals that are non-centrosymmetric and nonsymmorphic.
Particularly, there are always KNLs coming out of the
Γ points of nonsymmorphic crystals. However, the extra
nonsymmorphic symmetry operations can create doubly
degenerate planes at the Brillouin zone boundaries which
overwhelm the KNLs in these planes. Therefore, we con-
clude that all non-centrosymmetric achiral crystals are
KNLMs.
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1. DFT CALCULATIONS
Throughout this work, the Vienna Ab initio Sim-
ulation Package (VASP) [S1] with the projector-
augmented wave method [S2] and the Perdew-Berke-
Ernzerhofs (PBE) exchange-correlation functional in the
generalized-gradient approximation [S3, S4] was used
to perform the first-principles density functional theory
(DFT) calculations [S5]. Information about calculated
materials such as the lattice structures was obtained
mainly from several material databases, e.g. the Ma-
terials Project [S6], the Topological Materials Database
[S7], the Inorganic Crystal Structure Database (ICSD)
and the TopoMat Database, and the lattice structures
were fully relaxed before further calculations were per-
formed.
To further look into the topological properties as
well as to plot the special spindle torus and octdong
Fermi surfaces of KNLMs, maximally localized gener-
alized Wannier bands of some KNLMs (such as BiTeI,
HgSe, Bi2Te2Br2O9 and Cr2AgBiO8) were projected
from the first-principles results through the Wannier90
package [S8, S9] linked to VASP.
The open-source package WannierTools was used for
post-processing of the Wannier tight-binding Hamilto-
nian [S10]. These processes include the Fermi surface
plotting, the calculation of Fermi arcs, surface states and
chiral charges of Kramers Weyl points.
2. A GENERAL PROOF OF THE EXISTENCE
OF KNLS IN ACHIRAL CRYSTALS
A. Symmetry properties of the SOC term
The bands near TRIMs with a two-fold degeneracy can
be described by a two-band Hamiltonian
H(k) = f0(k)σ0 + f(k) · σ, (S1)
where f(k)·σ denotes the spin-orbit coupling term
(SOC), and σ are Pauli matrices operating on spin space
|± 12 〉. This Hamiltonian needs to respect the symmetryT ×G, where T = iσyK with K as complex conjugate is
time reversal symmetry, and G is the point group of the
system. The time reversal symmetry requires f(k) =
−f(−k), while the constraint imposed by a symmetry
operation R in G is H(k) = U−11/2(R)H(Rk)U1/2(R), i.e.,
f(k) · σ = U−11/2(R)f(Rk) · σU1/2(R)
= Det(R)f(Rk) · (Rσ)
= Det(R)R−1f(Rk) · σ. (S2)
f(k) = Det(R)R−1f(Rk), (S3)
whereR ∈ O(3), and U1/2(R) is the SU(2) representation
of R.
B. Symmetry transformation properties of the
linear term
When f(k) is dominant by linear terms, f(k) can be
written as
f(k) = Mˆk, (S4)
where Mˆ is a 3-by-3 matrix. According to Eq. S3,
Mˆk = Det(R)R−1MˆRk. (S5)
Hence
Mˆ = Det(R)R−1MˆR, (S6)
and
Det(Mˆ) = Det(R)Det(Mˆ). (S7)
For achiral point groups, there exists a roto-inversion
operation R˜ with Det(R˜) = −1, which further requires
Det(Mˆ) = 0. Therefore, in an achiral point group, the
determinant of Mˆ is always zero.
In the main text, we have assumed that the matrix Mˆ
of an achiral point group is always diagonalizable, which
can be verified by enumerating all possible forms of Mˆ
for different achiral point groups (Table S1). However, in
some cases (C3v, C4v and C6v), not all the eigen-values
j or eigen-vectors nj of Mˆ are real. In spite of this
fact, our argument in the main text still holds as the null
eigen-vector n3 with eigen-value zero is always a real
vector (multiplied by an overall trivial phase). This can
be easily proved considering Mˆ is a real matrix.
2C. KNLs enforced by roto-inversion symmetries:
mirror, S3 and S4 symmetry
Let us further study the constraint of roto-inversion
(Det(R˜) = −1) on the specific form of f(k). For con-
venience, we use k1,2 and k3 to denote the coordinates
perpendicular and parallel to the roto-inversion axis re-
spectively. In general, a roto-inversion operation can be
decomposed into a combination of an inversion I and a
rotation Cn, i.e.
R˜ = I · Cn (S8)
Following Eq. S3, the constraints of time reversal sym-
metry and this roto-inversion symmetry impose
f±(k+, k−, k3) = −f±(−k+,−k−,−k3) = e∓iϕf±(−e+iϕk+,−e−iϕk−,−k3), (S9)
f3(k+, k−, k3) = −f3(−k+,−k−,−k3) = f3(−e+iϕk+,−e−iϕk−,−k3). (S10)
Here, f± = f1 ± if2, k± = k1 ± ik2, and ϕ = 2pi/n.
With f±(k), the eigen-energies of H(k) can be written
as E±(k) = f0(k) ±
√
f+(k)f−(k) + f3(k)2. We should
note here that the origin point of k vector in Eq. S9 and
Eq. S10 is not necessary to be Γ but any TRIM with an
achiral little group. In the following, we show that all
roto-inversion symmetries mirror, S3, S4 enforce KNLs.
(Note there does not contain S6 in non-centrosymmetric
achiral point group). Here we clarify Sm is defined ac-
cording to the Schoenflies notation where Sm represents
the combination of a mirror and a n-fold rotation per-
pendicular to the mirror plane. As a result, in Eq. S8,
n = 6 for S3 and n = 4 for S4.
(I) For an achiral crystal with mirror symmetry, there
always exist KNLs within the mirror plane.
Before starting proceeding this part, we need to state
two facts that if a crystal respects mirror symmetry m:
(i) the set of primitive reciprocal vectors can always
be chosen in such a way that exactly two of them lies
within any pre-chosen m-invariant k-plane. (ii) The m-
invariant k-plane contains exactly four non-equivalent
TRIMs, though some of them need not lie within the
1st Brillouin zone.
For a mirror symmetry (n = 2, ϕ = pi, Eq. S9) and
Eq. S10 yield
f±(k‖, k3) = −f±(−k‖,−k3) = −f±(k‖,−k3), (S11)
f3(k‖, k3) = −f3(−k‖,−k3) = f3(k‖,−k3). (S12)
where k‖ = (k1, k2). Thus on the mirror-invariant k-
planes where k3 = 0 or pi, f± terms vanish and the only
finite f3 term is odd in k‖, i.e. f3(k‖) = −f3(−k‖). Note
any TRIM lying on the plane can be chosen as the origin
point of k‖.
Now the degenerate lines upon this plane are given by
the equation
f3(k1, k2) = 0. (S13)
And importantly, f3(k1, k2) is an odd (relative to any
TRIM) scalar function defined on a 2D torus k-surface.
Globally speaking, due to the odd function behavior of
f3, there exists at least one positive-valued area and cor-
respondingly one negative-valued area, the boundaries of
which give the KNLs and must pass through the TRIMs.
KNLs emerging from TRIMs are thus actually protected
by the odd property of f3 as well as the topology of the
k-surface. As the boundaries splitting the positive and
negative areas, these KNLs have the following properties:
(i) they have no end points; (ii) for a given TRIM, only
an odd number of KNLs can come out (Fig. S1a∼c); (iii)
they must cut the torus k-surface into at least two sepa-
rate parts, which implies that there are at least two KNLs
for a mirror-invariant k-plane ((Fig. S1d); (iv) they must
connect two TRIMs. A time reversal symmetric closed
loop on the torus has to pass through two TRIMs (one
is k‖ = 0, and the other is k‖ ≡ −k‖ at the Brillouin
zone boundary). Therefore, in the mirror plane, each de-
generate line coming out from one TRIM has to connect
with another TRIM, which forms the KNLs. Considering
all these properties of the “boundary” KNLs, the three
simplest cases of how they should exist on the mirror-
invariant k-plane is given in Fig. S1e∼g, and all other
more complicated cases are generated by adding more
nodal lines to these three “skeleton” cases.
As shown above, the time-reversal and a mirror sym-
metry pin the KNLs upon the mirror-invariant k-plane,
while allowing their tracks to go along quite arbitrary
curves on the plane. However, additional crystal sym-
metries like C2 and C3 rotations can further constrain
KNLs along some high-symmetry paths. We take a sim-
ple case as an illustration where the additional symmetry
is a C2 rotation whose rotation axis is within the mirror
plane. Without loss of generality, the axis of C2 can be
set along the kx-direction, i.e. C2x. This new C2x rota-
tion requires the form of odd function f3(kx, ky) further
satisfying f3(kx,−ky) = −f3(kx, ky). Along the C2x axis,
f3(kx, ky = 0) vanishes and give rise to a straight KNL
joining two TRIMs. Other additional symmetry cases
can also be analyzed in this way, but a more systematic
method to find all high-symmetry KNLs is to utilize the
compatibility relation as we have presented in the main
text.
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FIG. S1: a, b, c schematic plots of degenerate lines (red
lines) coming from a TRIM within the mirror plane. ± here
labels the sign of the scalar function f3(k‖). d KNLs must
completely cut the mirror-invariant Brillouin plane, which is
topologically equivalent to a torus surface, into two separate
parts. This requirement implies that there should be at least
two KNLs within one mirror-invariant k plane. e, f and g
Schematics for the three “skeleton” cases for KNLs within
the mirror-invariant Brillouin plane, which are guaranteed by
the time-reversal and a mirror symmetry.
(II) For an achiral crystal with roto-inversion symme-
try S3(n = 6) or S4(n = 4), there always exists a KNL
along the 〈0, 0, k3〉-direction which is perpendicular to the
roto-inversion plane.
Along the 〈0, 0, k3〉-direction, Eq. S9 and Eq. S10 are
simplified as
f±(k3) = −f±(−k3) = e∓iϕf±(−k3), (S14)
f3(k3) = −f3(−k3) = f3(−k3) (S15)
Hence, f±(k), f±(k) and f3(k3) must vanish along the
〈0, 0, k3〉-direction when (1+e∓iϕ) 6= 0, which is the case
for S3 symmetry (ϕ = pi/3) and S4 symmetry (ϕ = pi/2).
In contrast for mirror symmetries with ϕ = pi, we have
(1 + e∓iϕ) = 0, which allows finite f± that results in a
finite splitting along the 〈0, 0, k3〉-direction.
3. KNLS FROM ACHIRAL LITTLE GROUPS
BASED ON K· P ANALYSIS
To show the directions of KNLs coming from one
TRIM explicitly, we derived the k ·p Hamiltonians given
by two dimensional double-valued irreducible represen-
tations (IRRs) for all non-centrosymmetric achiral little
groups. We have summarized these k ·p Hamiltonians in
Table S1. At the same time, as shown in Table S1, we
identified the directions and the touching types of KNLs
given by each k · p Hamiltonian.
Generally, there are always KNLs emerging from
TRIMs with achiral little groups. Notably, the features
of KNLs of Jz = ±1/2 and Jz = ±3/2 fermions are dif-
ferent, where Jz is the z component of the total angular
momentum. The way to identify whether a couple of
bands belong to Jz = ±1/2 and Jz = ±3/2 fermions
is by looking at how the states transform under rota-
tional symmetry. By analyzing Table S1, we find for
Jz = ±1/2 fermions, there are KNLs within the mirror
plane or along the roto-inversion axis of S3 and S4 sym-
metry, which is consistent with the general analysis given
in Sec. II; while for Jz = ±3/2 fermions, KNLs are only
enforced within the mirror plane. In Sec. V, we further
show KNLs of Jz = ±3/2 fermions in a real material as
an example.
In addition, it is also interesting to study the disper-
sion relation between the couple of bands around certain
KNLs. By checking Table S1, we find that besides linear
touching KNLs, there are also quadratic KNLs in the C3h
and D3h point groups and cubic KNLs in the C6v point
group.
Here the terms “linear”, “quadratic” and “cubic” are
defined by the dispersion of splitting between two bands
upon a k-plane perpendicular to the KNLs that are stud-
ied. To describe the touching points of the Fermi surfaces
more formally, assuming that KNL exist along kz direc-
tion, the k · p Hamiltonian near Fermi surface touching
points on the KNLs can be approximated to the lowest
order as
H(p) = f0(p)σ0 + vp
m
+σ+ + H.c., (S16)
where p denotes the momentum perpendicular to a given
KNL, p± = px+ipy, σ± = σx±σy and m = 1, 2, 3, corre-
sponding to linear-, quadratic-, cubic-band touching. For
the linear touching, the Hamiltonian corresponds to the
well-known massless Dirac fermions, while the quadratic
and cubic touching lead to higher-order Dirac fermions.
By adiabatically moving an electron in a loop circling a
given KNL, it will acquire a Berry phase of mpi, which
can be experimentally probed by quantum oscillation.
4. DETERMINING KRAMERS NODAL LINES
FROM COMPATIBILITY RELATIONS
In general when moving from a high symmetry point
to a high symmetry line, the symmetry of k-points is
4TABLE S1: Kramers nodal lines (KNLs) from TRIMs with achiral little groups based on k · p Hamiltonian analysis. Here
k± = kx ± iky, and the Pauli matrices σ in the table operate on the corresponding basis.
Little Group P-axes IRR Basis k · p Hamiltonian Matrix Mˆ KNL Touching
C1v zˆ (m ⊥ zˆ) (Γ3,Γ4) |1/2,±1/2〉
α13kzσx + α23kzσy+
 0 0 α130 0 α23
α31 α32 0
 ∈ m linear(α31kx + α32ky)σz (−α32xˆ+ α31yˆ)
C2v zˆ Γ5 |1/2,±1/2〉
 0 α12 0α21 0 0
0 0 0
 zˆ linearα12kyσx + α21kxσy
S4 zˆ
α11 α12 0α12 −α11 0
0 0 0
 zˆ linear(Γ5,Γ7) |1/2,±1/2〉 (α11kx + α12ky)σx+
(Γ6,Γ8) |3/2,±1/2〉 (α12kx − α11ky)σy
C4v zˆ
 0 α12 0−α12 0 0
0 0 0
 zˆ linearΓ6; |1/2,±1/2〉; α12kyσx − α12kxσy
Γ7 |3/2,±1/2〉
D2d zˆ
α11 0 00 −α11 0
0 0 0
 zˆ linearΓ6; |1/2,±1/2〉; α11kxσx − α11kyσy
Γ7 |3/2,±1/2〉
C3v zˆ Γ6 |1/2,±1/2〉
 0 α12 0−α12 0 0
0 0 0
 zˆ linearα12kyσx − α12kxσy
C6v zˆ Γ8,Γ9 |1/2,±1/2〉
 0 α12 0−α12 0 0
0 0 0
 zˆ linearα12kyσx − α12kxσy
Td xˆ, yˆ, zˆ — linearΓ6; |1/2,±1/2〉; α(kx(k2y − k2z)σx + ky(k2z − k2x) xˆ, yˆ, zˆ
Γ7 |3/2,±1/2〉 σy + kz(k2x − k2y)σz) xˆ± yˆ ± zˆ
C3v zˆ |3/2,±3/2〉
iα1(k
3
+ − k3−)σx + (α2k3z+
— ∈ m linear(Γ4,Γ5) α3k+k−kz) + α4(k3+ + k3−))σy
+iα5(k
3
+ − k3−)σz
C3h zˆ — zˆ& ∈ m quadratic(Γ9,Γ12); |1/2,±1/2〉; (β1k2+ + β∗1k2−)kzσx + i(β1k2+
(Γ10,Γ11) |3/2,±1/2〉 −β∗1k2−)kzσy + (β2k3+ + β∗2k3−)σz
(Γ7,Γ8) — ∈ m linear|3/2,±3/2〉 (α1k3z + α2k+k−kz)σx + (α3k3z
+α4k+k−kz)σy + (β1k3+ + β
∗
1k
3
−)σz
D3h zˆ — xˆ, C3xˆ,C
2
3 xˆ, zˆ quadraticΓ9; |1/2,±1/2〉; iα1(k2+ − k2−)kzσx − α1(k2+
Γ8 |3/2,±1/2〉 +k2−)kzσy + iα2(k3+ − k3−)σz
Γ7 — xˆ, C3xˆ,C
2
3 xˆ linear|3/2,±3/2〉 (α1k3z + α2k+k−kz)σy+
+iα3(k
3
+ − k3−)σz
C6v zˆ |3/2,±3/2〉
iα1(k
3
+ − k3−)σx+
— zˆ cubicΓ7 +α2(k
3
+ + k
3
−)σy
5reduced. For convenience, we denote the little group of
the high symmetry point as G1, and its subgroup G2
as the little group of the high symmetry line. Then an
irreducible representation Γ1 of G1 can be decomposed
as linear combinations of irreducible representations Γj
of G2, i.e., the character χ of every relevant symmetry
satisfies
χ(D
(Γ1)
G1
) =
∑
j
χ(D
(Γj)
G2
). (S17)
This formula defines the compatibility relations. Here
we illustrate how to determine Kramers nodal lines via
compatibility relations with SG No. 156 as an example.
The same method has been used to determine the nodal
points and nodal lines enforced by non-symmorphic sym-
metries in Ref. [S11–S13].
For SG No. 156, relevant symmetries are the three-fold
symmetry 3001 and the mirror symmetry m010 (kxkz-
plane). The mirror plane contains TRIMs Γ, M, A, L
and high symmetry lines ∆, U, R, Σ. Since the spin-
orbital coupling is included, we need to consider double-
valued representations, where a 2pi rotation will yield a
−1 phase. These double-valued irreducible representa-
tions are listed in Table S2. At TRIMs, there is one addi-
tional requirement for irreducible representations: time-
reversal invariance. The two-dimensional representations
Γ6, A6 are pseudo-real, so they are time-reversal invari-
ant by themselves [S14]. All one-dimensional representa-
tions at TRIMs are complex and need to be paired up to
form time-reversal-invariant representations or so-called
co-representations [S14]. With Eq. S17, we are able to
determine how these time-reversal invariant representa-
tions are split along high symmetry lines. The compati-
bility relations and the corresponding band connectivity
are drawn in Fig. S2. Evidently, only Γ6–∆6–A6 is able
to support the two-fold degenerate KNL. Alternatively,
one can identify this KNL by consulting the program
DCOMPREL on Bilbao Crystallographic Server [S15].
Here, we need to comment on a special case where
degeneracy cannot be captured by the analysis of or-
dinary compatibility relations. When the high symme-
try line considered is along a roto-inversion axis of Sn
(n = 4, 6), such as in SG No. 174 and SG No. 81, a com-
bined anti-unitary symmetry T Sn can also enforce de-
generacy. Take SG No. 81 as an example. The combined
anti-unitary symmetry T S4 leaves the k-points upon Γ–Z
(or equivalently high symmetry line Λ) invariant. Due to
this anti-unitary symmetry, the double-valued complex
irreducible representations Λ3 and Λ4 pair up and form
a two-dimensional irreducible co-representation, which
yields the Γ–Z KNL in SG No. 81. In this case, we can
also understand this KNL from the eigenvalue method
[S11]. The Hamiltonian H along Γ–Z in SG No. 81 is
actually not only invariant under the T S4 operation, but
also under the C2 operation. Let us consider a simulta-
neous eigenstate of H and C2 as ψ, with C2ψ = λψ and
Hψ = Eψ. It is easy to show T S4ψ is also an eigenstate
of C2 with eigenvalue λ
∗ as well as an eigenstate of H
TABLE S2: Double-valued irreducible representation (Irrep)
of SG No. 156 at TRIMs Γ, A, M, L as well as high symmetry
lines ∆, U, R, Σ. The notations follow from Ref. [S15].
Irrep 3001 m010
Γ4 −1 −i
Γ5 −1 i
Γ6
(
e−ipi/3 0
0 eipi/3
) (
0 e−ipi/3
e−i2pi/3 0
)
∆4 −1 −i
∆5 −1 i
∆6
(
e−ipi/3 0
0 eipi/3
) (
0 e−ipi/3
e−i2pi/3 0
)
A4 −1 −i
A5 −1 i
A6
(
e−ipi/3 0
0 eipi/3
) (
0 e−ipi/3
e−i2pi/3 0
)
L3 – −i
L4 – i
M3 – −i
M4 – i
U3 – −i
U4 – i
Σ3 – −i
Σ4 – i
R3 – −i
R4 – i
with eigenvalue E, because we have [T S4 and C2] = 0
and [T S4, H] = 0. The 1/2 spin of electrons further re-
quires λ2 = −1, leading to λ = ±i and λ = −λ∗. This
means ψ and T S4ψ are two distinct states with the same
eigen-energy E and they form a two-dimensional irre-
ducible co-representation.
The derivation of this special case for other space
groups listed in Table I of the main text proceeds in a
similar way. All of the allowed KNLs by the space group
symmetries are summarized in Table I of the main text.
They are compatible with the k·p analysis given in Table
S1 in Sec. III.
5. TRIMS IN ACHIRAL CRYSTALS
A. An overview of symmorphic space groups
There are in total 73 symmorphic space groups.
Among these 73 space groups, there are 21 centrosym-
metric space space groups: Ci: 2; C2h: 10 and 12; D2h:
47, 65, 69 and 71; C4h: 83 and 87; D4h: 123 and 139;
C3i: 147 and 148; C6h: 175; D6h: 191; Th: 200 and 202,
204; Oh:221, 225 and 229;
27 non-centrosymmetric chiral space groups: C1: 1;
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FIG. S2: a, b, c demonstrate compatibility relations and band connectivity diagrams for SG No. 156 along different k-path,
inferred from Table S2. High symmetry lines with two-fold degeneracy are highlighted in red color.
TABLE S3: The little groups of TRIMs in non-centrosymmetric achiral symmorphic space groups.
SG No. TRIMs with achiral little group TRIMs with chiral little group
6 Γ, B, Y , A, Z, C, D and E are all C1h. –
8 Γ, Y , A and M are all C1h. –
25 Γ, Z, Y , T , X, U , S and R are all C2v. –
35 Γ, Z, Y and T are all C2v. S and R are both C2.
38 Γ, Y , T , Z and are all C2v. –
42 Γ, Z, T and Y are all C2v. –
44 Γ and X are C2v; S and R are C1v. T is C2.
81 Γ, Z, M and A are all S4 X and R are both C2.
82 Γ, M are both S4. N is C1, X is C2.
99 Γ, Z, M and A all are C4v;X and R are both C2v. –
107 Γ and M are both C4v; X is C2v; N is C1v. –
111 Γ, A, Z and M are all D2d. X and R are both D2.
115 Γ, M , A and Z are all D2d; X and R are both C2v. –
119 Γ and M are both D2d, N is C1v. X is D2.
121 Γ and M are both D2d, X is C2v. N is C2.
156 Γ and A are both C3v; M and L are C1v. –
157 Γ and A are both C3v; M and L are both C1v. –
160 Γ and T are both C3v; L and FA are both C1v. –
174 Γ and A are both S6; M and L are both C1v. –
183 Γ and A are both C6v; M and L are both C2v. –
187 Γ and A are both D3h; M and L are both C2v. –
189 Γ and A are both D3h; M and L are both C2v. –
215 Γ and R are both Td; M and X are both D2d. –
216 Γ is Td; X is D2d; L is C3v. –
217 Γ and H are both Td. –
C2: 3 and 5; D2: 16, 21, 22 and 23; C4: 75 and 79; D4:
89 and 97; C3: 143 and 146; D3: 149, 150 and 155; D3d:
162, 164 and 166; C6: 168; D6: 177; T : 195, 196 and
197; O: 207, 209 and 211;
and 25 non-centrosymmetric achiral space groups:
C1h: 6 and 8; C2v: 25, 35, 38, 42 and 44; S4: 81 and
82; C4v: 99 and 107; D2d: 111, 115, 119 and 121; C3v:
156, 157 and 160; C3h: 174; C6v: 183; D3h: 187 and 189;
Td: 215, 216 and 217.
B. Little groups of TRIMs in achiral space groups
In the main text, Type I and Type II KNLMs are iden-
tified according to the little groups of TRIMs. Here,
we summarize the little groups of all TRIMs in non-
7TABLE S4: Model parameters for effective Hamiltonian S18.
The chemical potential µ is chosen to be near the crossing
point of the conduction band.
Cc0(eV) C
c
1(eV·A˚2) Cc2(eV·A˚2) αc0(eV·A˚) αc1(eV·A˚3)
0.2491 24.0587 3.2389 1.4687 -18.2993
Cv0 (eV) C
v
1 (eV·A˚2) Cv2 (eV·A˚2) αv0(eV·A˚) αv1(eV·A˚3)
0.0757 -4.4977 -7.7134 -0.0982 -0.5719
M00 (eV) M01(eV·A˚) M02(eV·A˚2) A0(eV·A˚) B0(eV·A˚)
0.2362 -6.6320 2.5584 0.3689 2.3023
D0(eV·A˚2) µ(eV) a (A˚) c (A˚)
1.4725 0.1151 4.425 7.378
centrosymmetric achiral symmorphic space groups in Ta-
ble S3. The little group of each TRIM can be identified
by consulting the program KVEC on the Bilbao Crystal-
lographic Server [S15]. Apparently, among the 25 non-
centrosymmetric symmorphic achiral space groups, seven
space groups (SG No. 35, 44, 81, 82, 111, 119 and 121)
support chiral TRIMs, while the other eighteen ones do
not.
6. MODEL HAMILTONIANS FOR RASHBA
SEMICONDUCTOR BITEI AND THE
CIRCULAR PHOTOGALVANIC EFFECT IN
STRAINED BITEI
A. A four-band effective low energy model for
BiTeI
Here, we derive the model Hamiltonians of BiTeI that
are used in the main text. The lattice structure of BiTeI
belongs to SG No. 156, the point group of which is a
polar point group C3v which is generated by a three-
fold rotation C3 along the z axis (i.e. 3001) and vertical
mirror symmetry σv (i.e. m010). According to the ab
initio method, the bands lying closest to Fermi energy
are |Λ, pz, Jz = ±1/2〉 bands, where Λ=Bi,Te,I [S16]. By
analyzing the transformation properties of |Λ, pz,±1/2〉,
the four bands near Fermi energy at A point are found
to belong to the spinor irreducible representation Γ6 of
double group C3v.
Based on this symmetry analysis, we can construct a
four-band low energy effective Hamiltonian:
Heff (k) =
(
1(k) V0(k)
V †0 (k) 2(k)
)
. (S18)
Here
i(k) = C
i
0 + C
i
1k
2
‖ + C
i
2k
2
z
+ (αi0 + α
i
1k
2
‖)(kxσy − kyσx) + βiky(3k2x − k2y)σz
(S19)
V0(k) =M0 +M1k2‖ +M2k2z − iAkz
+ B(kxσy − kyσx)− iD((k2x − k2y)σy + 2kxkyσx)
(S20)
with k2‖ = k
2
x + k
2
y . The values of these parameters can
be determined by fitting the unstrained BiTeI DFT band
structure, which are listed in Table S4.
B. The circular photogalvanic effect of strained
BiTeI
The circular photogalvanic effect (CPGE) describes
the DC part of the photocurrent produced by circularly
polarized light which reverses sign when circular polariza-
tion is reversed. The quantization of CPGE is a signal
for the emergence of Kramers Weyl points [S17]. The
the chiral charge C shown in main text Fig.4 is defined
as [S18, S19]
C = Tr(β)/iβ (S21)
with CPGE tensor
βij(ω) =
pie3
~V
ijk
∑
k,n,m
fknm∆
i
k,nmr
k
k,nmr
l
k,mnδ(~ω−Ek,mn).
(S22)
Here V is the sample volume, rk,nm = i 〈n|∂k|m〉 is
the Berry connection between the nth and mth bands,
Ek,nm = Ek,n − Ek,m, fknm = fkn − fkm represent the
energy difference and Fermi-Dirac distribution, respec-
tively, and ∆ik,nm = ∂kiEk,mn/~ is the electron velocity.
From this formula, we calculated the trace of CPGE ten-
sor of a strained BiTeI, which is captured by the Hamil-
tonian Heff (k) + Hstrain. The strained effects are de-
scribed by a mirror-broken phenomenological Hamilto-
nian Hstrain = λkzσz. We estimate the value of λ by
fitting the splitting of Γ–Z in a strained band structure
with λ = 5 meV, 15meV and 25 meV for 1%, 3% and
5% strains, respectively. The Fig. 4 in the main text was
calculated using this model, and the chemical potential
has been set near the Weyl nodes of the conduction band.
Note that the influence of valence bands on the CPGE
has also been taken into consideration in this four-band
model, while we found that this influence is actually neg-
ligible within the low frequency region, which is consis-
tent with the result in Ref. [S18].
7. MORE REPRESENTATIVE MATERIALS OF
KNLMS
In this section, we list some representative materials
of KNLMs, including some special cases which have not
been discussed in the main text.
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FIG. S3: a and b show the primitive cell and the 1st Brillouin zone of HgSe respectively. In c, the spectrum from DFT
calculation is presented with KNLs marked by thick blue lines. d shows the Fermi surfaces of HgSe at E = −0.3eV upon which
the red dots denote the touching points. e and f show the primitive cell and the first Brillouin zone of BiPd2Pb, respectively.
The DFT calculated BiPd2Pb band structures is presented in g. The degenerate KNLs given by the two red-colored bands in
g are plotted as blue curves in f. h, i and j respectively show the non-symmorphic material CsPbF3’s primitive lattice cell,
first Brillouin zone and DFT bands, respectively. The thick blue and green curves in i and j are the KNLs connecting Γ-T and
T-L.
A. HgSe, HgTe: Higher-fold degeneracy at TRIM
HgSe and HgTe (SG No. 216, Td) are special cases for
symmorphic KNL metals due to the four-fold degeneracy
at Γ right upon the Fermi level (an illustration of band
structure of HgSe is given in Fig. S3c), which corresponds
to the 4-dimensional irreducible representation Γ¯8. This
4-dimensional irreducible representation is split into a 2-
dimensional representation and two 1-dimensional rep-
resentations along Γ–L. This feature is captured by the
compatibility relation
Γ¯8(4)→ Λ¯4(1)⊕ Λ¯5(1)⊕ Λ¯6(2). (S23)
Here the numbers in the parentheses denote dimensions
of corresponding irreducible representations.
B. BiPd2Pb: C1v system with only one mirror
The band structure of BiPd2Pb (SG No. 8, C1v) is
shown in Fig. S3g. The two bands depicted in red are
used to plot Fig. 2i. Unlike the cases of HgSe and HgTe,
where all KNLs are pinned along high-symmetry paths by
the crystal symmetry, the single mirror symmetry in C1v
only restricts the KNLs to lie within the mirror-invariant
k-plane but not necessarily along high-symmetry paths,
as shown in Fig. S3f and Fig. S3g. A more clear figure
of the KNLs which is directly related to the DFT results
has been presented in Fig. 2 of the main text.
C. CsPbF3: A Nonsymmorphic KNLM
In the main text, we have constrained our discussion
within the symmorphic crystals as some non-symmorphic
symmetry could give rise to nodal planes on the Brillouin
zone boundaries. In the following, a non-symmorphic
KNLM CsPbF3 is given as an example to illustrate that
our discussion can also be applied to non-symmorphic
crystals. CsPbF3 belongs to the non-symmorphic SG
No. 161 which is also denoted as ΓrhC
6
3v or R3c. As
shown in Fig. S3i, and Fig. S3j, there are KNLs along the
Γ–T path in CsPbF3, which is similar to the case of sym-
morphic SG No. 160 shown in the main text, Table 1. In
addition, there is also a KNL connecting TRIMs T and L
via point B/B1, which is denoted by the green lines in the
corresponding figures. It should be noted that due to the
9M K A L H A|L M|K H
-1.5
-1
-0.5
0
0.5
1
1.5
E 
(e
V
)
c
Bi2Pt
a
Bi
Pt
b1
b2
b3
Г′
A
H L
K M
b
A′
Г
|E1(k)-E2(k)|
Г′
A′ H
K
L
M
ed
kz
FIG. S4: a, b and c show Bi2Pt’s primitive lattice cell, 1st Brillouin zone and its DFT bands, respectively. The thick blue and
red curves along the Γ-A line in c represent Jz = ±1/2 and Jz = ±3/2 bands, respectively. d plots the DFT-obtained spin
texture on a plane (denoted by the green dashed line in c) perpendicular to the KNL Γ–A. e plots the band gap of two Bi2Pt’s
Jz = ±3/2 bands on the mirror-invariant plane upon which contains four TRIMs, Γ′, A′, L and M. Note that H and K are two
high symmetry points but not TRIMs on the mirror plane. The mirror plane is illustrated in b. Two KNLs connecting Γ′–A′
and M–L can be easily identified.
lack of screw symmetries in SG No. 161, there is no non-
symmorphic symmetry forcing nodal planes on the Bril-
louin zone boundary for the case of CsPbF3, which was
verified by DFT calculations. As discussed in Ref. [S17],
nodal degeneracies at the zone-boundary ki = pi can be
supported if the screw symmetry {C2,i|ai2 } with ai as
lattice constant along i axis is contained in the SG sym-
metry G. In this case, the additional nodal degeneracies
at ki = pi overwhelm the KNLs on these planes.
D. Bi2Pt: KNLM with Jz = ±3/2 bands
Under most circumstances, we have assumed that the
electronic states transform as |J = 12 , Jz = ± 12 〉 states
under symmetry operations. However, as is shown in
Table S1, it is possible for some point groups (C3v,
C3h, D3h and C6v) to have double-valued IRs corre-
sponding to |J = 32 , Jz = ± 32 〉 states. Although |J =
3
2 , Jz = ± 32 〉 states transform under mirror mz the same
way as |J = 12 , Jz = ± 12 〉 states, leading to the same
conclusion that there are KNLs in the mirror-invariant
plane, they behave quite differently under roto-inversion
S3 = mzC3 = IC6 with ϕ = pi/3 · 3 = pi, as defined in
Eq. S9 and S10. By applying Eq. S14, we find that a
finite f± is allowed upon the roto-inversion axis, in con-
trast to the case of |J = 12 , Jz = ± 12 〉, where along this
axis lies a KNL.
In Fig. S4c we give a vivid example for the above dis-
cussion by showing the DFT band structure of Bi2Pt
(SG No. 157, PG C3v). In the spectrum, the red curves
that split along the Γ-A line represent the Jz = ±3/2
bands, while blue curves, which are doubly-degenerate
KNLs along Γ-A, belong to the Jz = ±1/2 bands. Al-
though the KNLs of Jz = ±3/2 bands are not along
the high-symmetry paths, they still exist in the mirror-
invariant planes as shown in Fig. S4e, which is consistent
with the prediction we made in Sec. II C.
E. Bi4Te2Br2O9: Type I KNLM with octdong
Fermi surfaces
In the main text, we have already mentioned the Type
I KNLM Bi4Te2Br2O9 (SG No. 25) with four separate
KNLs. In Fig. S5c, we further show its DFT band struc-
tures, within which the couple of bands represented by
red curves are the ones related to the octdong Fermi sur-
faces plotted Fig. 3 in the main text.
F. Cr2AgBiO8: Type II KNLM with octdong
Fermi surfaces
Cr2AgBiO8 (SG No. 82) is a Type II KNLM as listed in
Table I in the main text, bearing Kramers Weyl points
located at X and N (N′). Among all the listed Type
II KNLMs, this material specially attracts our interest,
because all its bands near the Fermi energy are quite flat
compared to its huge SOC splitting, as shown in Fig. S5f.
This feature provides us with an opportunity to observe
the octdong Fermi surfaces and the Fermi arcs originating
from the Kramers Weyl points in this Type II KNLM.
Its KNL is along Γ–Z, as shown in Fig. S5e. By setting
the Fermi energy across a KNL (i.e. the red dashed line
in Fig. S5f), the rare octdong Fermi surfaces resulting
from the Γ–Z KNL can be seen (Fig. S5g).
To show the Fermi arc states, we calculated the sur-
face spectral function at the energy level near E(k = N)
with the surface normal vector parallel to Γ–Z (Fig. S5h
and Fig. S5i). Along this projection direction, two dis-
tinct N (N′) points carrying chiral charge C = −1 (+1)
each, are projected onto the same surface N¯ (N¯′) point.
This gives rise to two time-reversal related Fermi arcs
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FIG. S5: In a, b and c we show the primitive lattice cell, the first Brillouin zone and the conduction bands, respectively, of the
KNLM, Bi4Te2Br2O9, which possesses octdong Fermi surfaces as mentioned in the main text Sec. II C. The KNLs along Γ–Z
are denoted by thick blue lines in both b and c. In d, e and f we illustrate the primitive lattice cell, the first Brillouin zone and
the conduction bands of the Type II KNLM Cr2AgBiO8. As a Type II KNLM, Cr2AgBiO8 has Kramers Weyl points N (N
′)
and X, which are circled in f. In g, the octdong-type Fermi surfaces resulting from the Γ–Z KNL are drawn at EF = 2.768eV,
as denoted by the red dashed line in f (some trivial Fermi surfaces near this octdong Fermi surface are not depicted in g). Here
the red dots denote the touching points of the electron pocket centered at Z and the hole pocket centered at Γ. In h, we plot
the (001) surface spectral function of Cr2AgBiO8 at E = 2.78eV (denoted as a green dashed line in both f and1 i). The blue
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by red arrows. i is the surface spectral function along a k-path on the surface Brillouin zone.
coming out from the surface N¯ (N¯′) point (as pointed
out by the red arrows in Fig. S5h). Similar to the chi-
ral KWSs, the Fermi arcs in Type II KNLMs are excep-
tionally long, spanning the entire Brillouin zone as the
Kramers Weyl points are well separated in the reciprocal
space. Through this example, we demonstrate that the
Fermi arcs originating from the Kramers Weyl points are
allowed not only in chiral KWSs, but also in achiral Type
II KNLMs.
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